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We can plot a horizontal line showing peak floating-point 
performance of the computer. Obviously, the actual floating-point 
performance of a floating-point kernel can be no higher than the 
horizontal line, since that is a hardware limit. 

How could we plot the peak memory performance? Since X-axis 
is GFlops per byte and the Y-axis is GFlops per second, bytes per 
second—which equals (GFlops/second)/(GFlops/byte)—is just a 
line at a 45-degree angle in this figure. Hence, we can plot a 
second line that gives the maximum floating-point performance 
that the memory system of that computer can support for a given 
operational intensity. This formula drives the two performance 
limits in the graph in Figure 1a: 

Attainable GFlops/sec = Min(Peak Floating Point Performance, 
Peak Memory Bandwidth x Operational Intensity) 

These two lines intersect at the point of peak computational 
performance and peak memory bandwidth. Note that these limits 
are created once per multicore computer, not once per kernel. 

For a given kernel, we can find a point on the X-axis based on its 
operational intensity. If we draw a (pink dashed) vertical line 
through that point, the performance of the kernel on that computer 
must lie somewhere along that line.  

The horizontal and diagonal lines give this bound model its name. 
The Roofline sets an upper bound on performance of a kernel 
depending on its operational intensity. If we think of operational 
intensity as a column that hits the roof, either it hits the flat part of 
the roof, which means performance is compute bound, or it hits 
the slanted part of the roof, which means performance is 
ultimately memory bound. In Figure 1a, a kernel with operational 
intensity 2 is compute bound and a kernel with operational 
intensity 1 is memory bound. Given a Roofline, you can use it 
repeatedly on different kernels, since the Roofline doesn’t vary. 

Note that the ridge point, where the diagonal and horizontal roofs 
meet, offers an insight into the overall performance of the 
computer. The x-coordinate of the ridge point is the minimum 
operational intensity required to achieve maximum performance. 
If the ridge point is far to the right, then only kernels with very 
high operational intensity can achieve the maximum performance 
of that computer. If it is far to the left, then almost any kernel can 
potentially hit the maximum performance. As we shall see 
(Section 6.3.5), the ridge point suggests the level of difficulty for 
programmers and compiler writers to achieve peak performance.  

To illustrate, let’s compare the Opteron X2 with two cores in 
Figure 1a to its successor, the Opteron X4 with four cores. To 
simplify board design, they share the same socket. Hence, they 
have the same DRAM channels and can thus have the same peak 
memory bandwidth, although the prefetching is better in the X4. 
In addition to doubling the number of cores, the X4 also has twice 
the peak floating-point performance per core: X4 cores can issue 
two floating-point SSE2 instructions per clock cycle while X2 
cores can issue two every other clock. As the clock rate is slightly 
faster—2.2 GHz for X2 versus 2.3 GHz for X4—the X4 has 
slightly more than four times the peak floating-point performance 
of the X2 with the same memory bandwidth.  

Figure 1b compares the Roofline models for both systems. As 
expected, the ridge point shifts right from 1.0 in the Opteron X2 to 
4.4 in the Opteron X4. Hence, to see a performance gain in the 
X4, kernels need an operational intensity higher than 1.  
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Figure 1. Roofline Model for (a) AMD Opteron X2 on left  
and (b) Opteron X2 vs. Opteron X4 on right. 

4. ADDING CEILINGS TO THE MODEL 
The Roofline model gives an upper bound to performance. 
Suppose your program is performing far below its Roofline. What 
optimizations should you perform, and in what order? Another 
advantage of bound and bottleneck analysis is [20]  

“a number of alternatives can be treated together, with a single 
bounding analysis providing useful information about them all.”  

We leverage this insight to add multiple ceilings to the Roofline 
model to guide which optimizations to perform, which are similar 
to the guidelines that loop balance gives the compiler. We can 
think of each of these optimizations as a “performance ceiling” 
below the appropriate Roofline, meaning that you cannot break 
through a ceiling without performing the associated optimization. 

For example, to reduce computational bottlenecks on the Opteron 
X2, two optimizations can help almost any kernel:  

1. Improve instruction level parallelism (ILP) and apply SIMD. 
For superscalar architectures, the highest performance comes 
when fetching, executing, and committing the maximum 
number of instructions per clock cycle. The goal here is to 
improve the code from the compiler to increase ILP. The 
highest performance comes from completely covering the 
functional unit latency. One way is by unrolling loops. For 
the x86-based architectures, another way is using floating-
point SIMD instructions whenever possible, since an SIMD 
instruction operates on pairs of adjacent operands. 

2. Balance floating-point operation mix. The best performance 
requires that a significant fraction of the instruction mix be 
floating-point operations (see Section 7). Peak floating-point 
performance typically also requires an equal number of 
simultaneous floating-point additions and multiplications, 
since many computers have multiply-add instructions or 
because they have an equal number of adders and multipliers.  

 To reduce memory bottlenecks, three optimizations can help: 

3. Restructure loops for unit stride accesses. Optimizing for 
unit stride memory accesses engages hardware prefetching, 
which significantly increases memory bandwidth.  

4. Ensure memory affinity. Most microprocessors today include 
a memory controller on the same chip with the processors. If 

● Widely accepted standard
● Not very accurate or detailed, but 

very insightful
● Performance prediction, but can 

easily be converted to time
● No special consideration of 

parallelism
● Works for parallel computation as

long as load is balanced
Williams et al., Roofline: An Insightful Visual Performance Model 
for Floating-Point Programs and Multicore Architectures, 2008
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Figure 2. Per-thread workloads for 9 sparse matrices distributed over 8 threads. For each matrix, the colored bars indicate the
amount of work assigned to each thread.

memory bandwidth per core, resulting in a situation similar
to the Max-Rate model [9]. However, in case of load imbal-
ance, some cores complete their work and no longer con-
sume memory bandwidth, which increases the bandwidth
available to the other cores and thus accelerates their com-
putation. Consider 𝐿 processors with individual workloads,
i.e., volumes of data tra!c, 𝑀1,𝑀2, . . . ,𝑀𝐿 . Each time one
processor completes its task, the available bandwidth for all
remaining processors may change. There are three straight-
forward ways of applying a memory bandwidth model to
analyze this situation.

Full contention 𝑁𝑀 = max
𝑁

𝑀𝑁

𝑂/𝐿 , 1 → 𝑃 → 𝐿 (A)

No contention 𝑁𝑂 = max
𝑁

𝑀𝑁

𝑄
, 1 → 𝑃 → 𝐿 (B)

No imbalance 𝑁𝑃 =
∑

𝑁 𝑀𝑁

𝑂
, 1 → 𝑃 → 𝐿 (C)

𝑁 refers to the time predictions of the models. To obtain
the bandwidth predictions, we have to divide the total work∑

𝑁 𝑀𝑁 by the predicted time to obtain the bandwidth form of
the models. For Model C 𝑅𝑆𝑃 is thus simply 𝑂 . We will use
the bandwidth form in Section5. Multiplying the bandwidth
by the arithmetic intensity yields the prediction in FLOPS/s
like the standard Roo"ine model. However, in this paper we
will only focus on time and bandwidths.

Model A assumes full contention, i.e., it applies the band-
width 𝑂/𝐿 during the computation until the last task #nishes,
ignoring the fact that bandwidth increases when tasks com-
plete. Naturally, the model is pessimistic, i.e., it always over-
estimates the required running time unless all workloads are
of equal size.

In contrast, Model B assumes no contention. Thus, each
core operates with bandwidth 𝑄 , and running time is again
determined by the largest task 𝑇 running at that bandwidth.
Naturally, this model is optimistic. It always underestimates
the required running time unless the number of tasks 𝑃 for
which𝑀𝑁 > 0 is smaller than 𝑂/𝑄 , i.e., the total bandwidth
consumed by all active tasks is always lower than the sys-
tem’s total memory bandwidth.
Model C again assumes full contention, but ignores load

imbalance. It simply computes the total data tra!c of all
tasks and divides it by the system’s total memory bandwidth.
Like Model B, this model is optimistic, and like Model A, it
is accurate when all workloads are of equal size. The Two-
Phase model, which we will present in the next section,
overcomes the shortcomings of these simple models while
avoiding the complexity of the Staircase model [19].

While our model is predominantly aimed at memory band-
width in shared memory systems, it applies to any imbal-
anced situation in which the Max-Rate model [9] is applica-
ble, such as networks where the aggregate injection band-
width is higher than the bisection bandwidth, or network
interconnects with injection bandwidths that cannot be sat-
urated by a single core. In case of balanced transfers, our
model becomes e$ectively identical to the max-rate model.

However, due to the complex interactions between mem-
ory and network bandwidth, the assumption of evenly shar-
ing bandwidth no longer holds when memory and network
bandwidth are analyzed at the same time, as described in
previous literature [5, 6, 11].

Number of nonzeros in 8-way even row split
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Figure 2. Merge-based CsrMV decomposition for three parallel
threads. Inputs are the CSR matrix A from Figure 1 and the vec-
tor x = [1.0, 1.0, 1.0, 1.0]. The output is computed as y =
[2.0, 0.0, 2.0, 4.0].

of the total CsrMV problem among parallel processing elements.
The result is an even utilization of parallel processing elements to
provide predictably-good performance response regardless of row-
irregularity and skew.

As illustrated in Figure 2, we can visualize the CsrMV work list
as a 2-dimensional decision path in which the row_offsets array
is merged with the sequence of natural numbers, which indexes the
non-zeros in the column_indices and values arrays. The deci-
sion path begins in the top-left corner and ends in the bottom-right.
When traced sequentially, the path moves downward when con-
suming indices (accumulating matrix-vector dot-products within
a given row) and rightward when consuming row offset sentinels
(outputting row-aggregates). The path itself is linearly indexed by
the grid diagonals, where diagonals are enumerated from top-left to
bottom-right. The goal of the MergePath parallel decomposition is
to use the diagonals to partition this decision path into equal-length
sections (one section per processing element).

In this example, the path is being split into three sections of
four work items each. The fundamental insight is that each grid
coordinate (i, j) along the path can be found by independent binary
searches along the diagonalk, where k = i+j. Given the diagonal
constraint, we simply find the first (i, j) where row_offsets[i]
is greater than j � 1. In this example, the ninth of the CsrMV work
item begins the third partition, and is located at (row3, nonzero5).

Once a given thread’s starting coordinate (i, j) is found, the re-
mainder of its section can be processed using a sequential CsrMV
algorithm starting at rowi and nonzeroj . Finally, the partial sums
from rows that span multiple threads can be aggregated in a subse-
quent “reduce-value-by-key” pass.

Assuming the number of processors p is a finite constant of the
underlying machine (unrelated to the number of rows or non-zeros),
the searching overhead does not asymptotically affect the total
work complexity, which remains linear O(N). Furthermore, the
decision path can be partitioned hierarchically, trivially enabling
parallelization across multi-scale systems (e.g., GPUs).

We evaluate our method across the approximately 4,400 non-
trivial matrices of the entire Florida Sparse Matrix Collection [1].
Figure 3 and Figure 4 plot runtime vs. dataset size (nonzeros) as
performed by the Intel MKL, the NVIDIA cuSPARSE, and our
merge-based CsrMV implementations. These performance land-
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Figure 3. Log-plot comparison of CPU CsrMV running times
(dual-socket Intel e5-2695: 24-core, 48-thread).
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Figure 4. Log-plot comparison of GPU CsrMV running times
(NVIDIA K40).

scapes serve to highlight performance inconsistencies. The pres-
ence of significant outliers is readily apparent for the row-based
parallelizations (MKL, cuSPARSE). In comparison, our merge-
based CsrMV achieves a substantially more consistent performance
response. Statistically, our runtimes are much less anti-correlated
to row variation (-0.07 versus -0.16 on Intel e5-2695x2, and -0.017
versus -0.24 on K40). We demonstrate speedups of up to 16⇥
and 216⇥ on the CPUs and GPU, respectively. Furthermore, we
demonstrate aggregate evaluation times that are 1.1⇥ and 2.9⇥
faster for the entire corpus on the CPUs and GPU, respectively.
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● Even if memory access 
volume is balanced, actual 
work performed can vary

● Example here: caching 
behaviour in SpMV

● Many other examples
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Figure 2. Per-thread workloads for 9 sparse matrices distributed over 8 threads. For each matrix, the colored bars indicate the
amount of work assigned to each thread.

memory bandwidth per core, resulting in a situation similar
to the Max-Rate model [9]. However, in case of load imbal-
ance, some cores complete their work and no longer con-
sume memory bandwidth, which increases the bandwidth
available to the other cores and thus accelerates their com-
putation. Consider 𝐿 processors with individual workloads,
i.e., volumes of data tra!c, 𝑀1,𝑀2, . . . ,𝑀𝐿 . Each time one
processor completes its task, the available bandwidth for all
remaining processors may change. There are three straight-
forward ways of applying a memory bandwidth model to
analyze this situation.

Full contention 𝑁𝑀 = max
𝑁

𝑀𝑁

𝑂/𝐿 , 1 → 𝑃 → 𝐿 (A)

No contention 𝑁𝑂 = max
𝑁

𝑀𝑁

𝑄
, 1 → 𝑃 → 𝐿 (B)

No imbalance 𝑁𝑃 =
∑

𝑁 𝑀𝑁

𝑂
, 1 → 𝑃 → 𝐿 (C)

𝑁 refers to the time predictions of the models. To obtain
the bandwidth predictions, we have to divide the total work∑

𝑁 𝑀𝑁 by the predicted time to obtain the bandwidth form of
the models. For Model C 𝑅𝑆𝑃 is thus simply 𝑂 . We will use
the bandwidth form in Section5. Multiplying the bandwidth
by the arithmetic intensity yields the prediction in FLOPS/s
like the standard Roo"ine model. However, in this paper we
will only focus on time and bandwidths.

Model A assumes full contention, i.e., it applies the band-
width 𝑂/𝐿 during the computation until the last task #nishes,
ignoring the fact that bandwidth increases when tasks com-
plete. Naturally, the model is pessimistic, i.e., it always over-
estimates the required running time unless all workloads are
of equal size.

In contrast, Model B assumes no contention. Thus, each
core operates with bandwidth 𝑄 , and running time is again
determined by the largest task 𝑇 running at that bandwidth.
Naturally, this model is optimistic. It always underestimates
the required running time unless the number of tasks 𝑃 for
which𝑀𝑁 > 0 is smaller than 𝑂/𝑄 , i.e., the total bandwidth
consumed by all active tasks is always lower than the sys-
tem’s total memory bandwidth.
Model C again assumes full contention, but ignores load

imbalance. It simply computes the total data tra!c of all
tasks and divides it by the system’s total memory bandwidth.
Like Model B, this model is optimistic, and like Model A, it
is accurate when all workloads are of equal size. The Two-
Phase model, which we will present in the next section,
overcomes the shortcomings of these simple models while
avoiding the complexity of the Staircase model [19].

While our model is predominantly aimed at memory band-
width in shared memory systems, it applies to any imbal-
anced situation in which the Max-Rate model [9] is applica-
ble, such as networks where the aggregate injection band-
width is higher than the bisection bandwidth, or network
interconnects with injection bandwidths that cannot be sat-
urated by a single core. In case of balanced transfers, our
model becomes e$ectively identical to the max-rate model.

However, due to the complex interactions between mem-
ory and network bandwidth, the assumption of evenly shar-
ing bandwidth no longer holds when memory and network
bandwidth are analyzed at the same time, as described in
previous literature [5, 6, 11].

caidaRouterLevel

Obvious Idea:
Take the longest task and apply the model to a single core
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Figure 2. Per-thread workloads for 9 sparse matrices distributed over 8 threads. For each matrix, the colored bars indicate the
amount of work assigned to each thread.

memory bandwidth per core, resulting in a situation similar
to the Max-Rate model [9]. However, in case of load imbal-
ance, some cores complete their work and no longer con-
sume memory bandwidth, which increases the bandwidth
available to the other cores and thus accelerates their com-
putation. Consider 𝐿 processors with individual workloads,
i.e., volumes of data tra!c, 𝑀1,𝑀2, . . . ,𝑀𝐿 . Each time one
processor completes its task, the available bandwidth for all
remaining processors may change. There are three straight-
forward ways of applying a memory bandwidth model to
analyze this situation.

Full contention 𝑁𝑀 = max
𝑁

𝑀𝑁

𝑂/𝐿 , 1 → 𝑃 → 𝐿 (A)

No contention 𝑁𝑂 = max
𝑁

𝑀𝑁

𝑄
, 1 → 𝑃 → 𝐿 (B)

No imbalance 𝑁𝑃 =
∑

𝑁 𝑀𝑁

𝑂
, 1 → 𝑃 → 𝐿 (C)

𝑁 refers to the time predictions of the models. To obtain
the bandwidth predictions, we have to divide the total work∑

𝑁 𝑀𝑁 by the predicted time to obtain the bandwidth form of
the models. For Model C 𝑅𝑆𝑃 is thus simply 𝑂 . We will use
the bandwidth form in Section5. Multiplying the bandwidth
by the arithmetic intensity yields the prediction in FLOPS/s
like the standard Roo"ine model. However, in this paper we
will only focus on time and bandwidths.

Model A assumes full contention, i.e., it applies the band-
width 𝑂/𝐿 during the computation until the last task #nishes,
ignoring the fact that bandwidth increases when tasks com-
plete. Naturally, the model is pessimistic, i.e., it always over-
estimates the required running time unless all workloads are
of equal size.

In contrast, Model B assumes no contention. Thus, each
core operates with bandwidth 𝑄 , and running time is again
determined by the largest task 𝑇 running at that bandwidth.
Naturally, this model is optimistic. It always underestimates
the required running time unless the number of tasks 𝑃 for
which𝑀𝑁 > 0 is smaller than 𝑂/𝑄 , i.e., the total bandwidth
consumed by all active tasks is always lower than the sys-
tem’s total memory bandwidth.
Model C again assumes full contention, but ignores load

imbalance. It simply computes the total data tra!c of all
tasks and divides it by the system’s total memory bandwidth.
Like Model B, this model is optimistic, and like Model A, it
is accurate when all workloads are of equal size. The Two-
Phase model, which we will present in the next section,
overcomes the shortcomings of these simple models while
avoiding the complexity of the Staircase model [19].

While our model is predominantly aimed at memory band-
width in shared memory systems, it applies to any imbal-
anced situation in which the Max-Rate model [9] is applica-
ble, such as networks where the aggregate injection band-
width is higher than the bisection bandwidth, or network
interconnects with injection bandwidths that cannot be sat-
urated by a single core. In case of balanced transfers, our
model becomes e$ectively identical to the max-rate model.

However, due to the complex interactions between mem-
ory and network bandwidth, the assumption of evenly shar-
ing bandwidth no longer holds when memory and network
bandwidth are analyzed at the same time, as described in
previous literature [5, 6, 11].

caidaRouterLevel

Obvious Idea:
Take the longest task and apply the model to a single core

• If compute bound, we are done (thus, no need to 
discuss arithmetic intensity here)

• If memory bound, what is the bandwidth for the longest 
task?



A simple model of Multicore Memory Bandwidth
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• Effectively a Max-Rate model
• Works for multicore and NIC
• Assume β < ρ < Pβ

Core 1

Core P

… Memory
ρ

β

Gropp et al.: Modeling MPI communication 
performance on SMP nodes: Is it time to retire 
the ping pong test, 2016
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Figure 2. Per-thread workloads for 9 sparse matrices distributed over 8 threads. For each matrix, the colored bars indicate the
amount of work assigned to each thread.

memory bandwidth per core, resulting in a situation similar
to the Max-Rate model [9]. However, in case of load imbal-
ance, some cores complete their work and no longer con-
sume memory bandwidth, which increases the bandwidth
available to the other cores and thus accelerates their com-
putation. Consider 𝐿 processors with individual workloads,
i.e., volumes of data tra!c, 𝑀1,𝑀2, . . . ,𝑀𝐿 . Each time one
processor completes its task, the available bandwidth for all
remaining processors may change. There are three straight-
forward ways of applying a memory bandwidth model to
analyze this situation.

Full contention 𝑁𝑀 = max
𝑁

𝑀𝑁

𝑂/𝐿 , 1 → 𝑃 → 𝐿 (A)

No contention 𝑁𝑂 = max
𝑁

𝑀𝑁

𝑄
, 1 → 𝑃 → 𝐿 (B)

No imbalance 𝑁𝑃 =
∑

𝑁 𝑀𝑁

𝑂
, 1 → 𝑃 → 𝐿 (C)

𝑁 refers to the time predictions of the models. To obtain
the bandwidth predictions, we have to divide the total work∑

𝑁 𝑀𝑁 by the predicted time to obtain the bandwidth form of
the models. For Model C 𝑅𝑆𝑃 is thus simply 𝑂 . We will use
the bandwidth form in Section5. Multiplying the bandwidth
by the arithmetic intensity yields the prediction in FLOPS/s
like the standard Roo"ine model. However, in this paper we
will only focus on time and bandwidths.

Model A assumes full contention, i.e., it applies the band-
width 𝑂/𝐿 during the computation until the last task #nishes,
ignoring the fact that bandwidth increases when tasks com-
plete. Naturally, the model is pessimistic, i.e., it always over-
estimates the required running time unless all workloads are
of equal size.

In contrast, Model B assumes no contention. Thus, each
core operates with bandwidth 𝑄 , and running time is again
determined by the largest task 𝑇 running at that bandwidth.
Naturally, this model is optimistic. It always underestimates
the required running time unless the number of tasks 𝑃 for
which𝑀𝑁 > 0 is smaller than 𝑂/𝑄 , i.e., the total bandwidth
consumed by all active tasks is always lower than the sys-
tem’s total memory bandwidth.
Model C again assumes full contention, but ignores load

imbalance. It simply computes the total data tra!c of all
tasks and divides it by the system’s total memory bandwidth.
Like Model B, this model is optimistic, and like Model A, it
is accurate when all workloads are of equal size. The Two-
Phase model, which we will present in the next section,
overcomes the shortcomings of these simple models while
avoiding the complexity of the Staircase model [19].

While our model is predominantly aimed at memory band-
width in shared memory systems, it applies to any imbal-
anced situation in which the Max-Rate model [9] is applica-
ble, such as networks where the aggregate injection band-
width is higher than the bisection bandwidth, or network
interconnects with injection bandwidths that cannot be sat-
urated by a single core. In case of balanced transfers, our
model becomes e$ectively identical to the max-rate model.

However, due to the complex interactions between mem-
ory and network bandwidth, the assumption of evenly shar-
ing bandwidth no longer holds when memory and network
bandwidth are analyzed at the same time, as described in
previous literature [5, 6, 11].

caidaRouterLevel

Obvious Idea:
Take the longest task and apply the model to a single core

• If compute bound, we are done
• If memory bound, what is the single core bandwidth?
A. Full Contention: ρ/P (all core STREAM by core count P)
B. No Contention: β (single core STREAM)



How can we apply the Roofline Model here?
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Figure 2. Per-thread workloads for 9 sparse matrices distributed over 8 threads. For each matrix, the colored bars indicate the
amount of work assigned to each thread.

memory bandwidth per core, resulting in a situation similar
to the Max-Rate model [9]. However, in case of load imbal-
ance, some cores complete their work and no longer con-
sume memory bandwidth, which increases the bandwidth
available to the other cores and thus accelerates their com-
putation. Consider 𝐿 processors with individual workloads,
i.e., volumes of data tra!c, 𝑀1,𝑀2, . . . ,𝑀𝐿 . Each time one
processor completes its task, the available bandwidth for all
remaining processors may change. There are three straight-
forward ways of applying a memory bandwidth model to
analyze this situation.

Full contention 𝑁𝑀 = max
𝑁

𝑀𝑁

𝑂/𝐿 , 1 → 𝑃 → 𝐿 (A)

No contention 𝑁𝑂 = max
𝑁

𝑀𝑁

𝑄
, 1 → 𝑃 → 𝐿 (B)

No imbalance 𝑁𝑃 =
∑

𝑁 𝑀𝑁

𝑂
, 1 → 𝑃 → 𝐿 (C)

𝑁 refers to the time predictions of the models. To obtain
the bandwidth predictions, we have to divide the total work∑

𝑁 𝑀𝑁 by the predicted time to obtain the bandwidth form of
the models. For Model C 𝑅𝑆𝑃 is thus simply 𝑂 . We will use
the bandwidth form in Section5. Multiplying the bandwidth
by the arithmetic intensity yields the prediction in FLOPS/s
like the standard Roo"ine model. However, in this paper we
will only focus on time and bandwidths.

Model A assumes full contention, i.e., it applies the band-
width 𝑂/𝐿 during the computation until the last task #nishes,
ignoring the fact that bandwidth increases when tasks com-
plete. Naturally, the model is pessimistic, i.e., it always over-
estimates the required running time unless all workloads are
of equal size.

In contrast, Model B assumes no contention. Thus, each
core operates with bandwidth 𝑄 , and running time is again
determined by the largest task 𝑇 running at that bandwidth.
Naturally, this model is optimistic. It always underestimates
the required running time unless the number of tasks 𝑃 for
which𝑀𝑁 > 0 is smaller than 𝑂/𝑄 , i.e., the total bandwidth
consumed by all active tasks is always lower than the sys-
tem’s total memory bandwidth.
Model C again assumes full contention, but ignores load

imbalance. It simply computes the total data tra!c of all
tasks and divides it by the system’s total memory bandwidth.
Like Model B, this model is optimistic, and like Model A, it
is accurate when all workloads are of equal size. The Two-
Phase model, which we will present in the next section,
overcomes the shortcomings of these simple models while
avoiding the complexity of the Staircase model [19].

While our model is predominantly aimed at memory band-
width in shared memory systems, it applies to any imbal-
anced situation in which the Max-Rate model [9] is applica-
ble, such as networks where the aggregate injection band-
width is higher than the bisection bandwidth, or network
interconnects with injection bandwidths that cannot be sat-
urated by a single core. In case of balanced transfers, our
model becomes e$ectively identical to the max-rate model.

However, due to the complex interactions between mem-
ory and network bandwidth, the assumption of evenly shar-
ing bandwidth no longer holds when memory and network
bandwidth are analyzed at the same time, as described in
previous literature [5, 6, 11].

caidaRouterLevel

Another Idea (for the memory bound case):
Take the sum of all tasks and apply the model to all cores

For convenience:
• Let Mi be the workload of Processor i
• Sort processors in descending order of workload



How can we apply the Roofline Model here?

10

Another Idea (for the memory bound case):
Take the sum of all tasks and apply the model to all cores

A. Full Contention: M1 / (ρ/P)
B. No Contention: M1 / β 
C. No Imbalance: ∑i Mi / ρ
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Figure 2. Per-thread workloads for 9 sparse matrices distributed over 8 threads. For each matrix, the colored bars indicate the
amount of work assigned to each thread.

memory bandwidth per core, resulting in a situation similar
to the Max-Rate model [9]. However, in case of load imbal-
ance, some cores complete their work and no longer con-
sume memory bandwidth, which increases the bandwidth
available to the other cores and thus accelerates their com-
putation. Consider 𝐿 processors with individual workloads,
i.e., volumes of data tra!c, 𝑀1,𝑀2, . . . ,𝑀𝐿 . Each time one
processor completes its task, the available bandwidth for all
remaining processors may change. There are three straight-
forward ways of applying a memory bandwidth model to
analyze this situation.

Full contention 𝑁𝑀 = max
𝑁

𝑀𝑁

𝑂/𝐿 , 1 → 𝑃 → 𝐿 (A)

No contention 𝑁𝑂 = max
𝑁

𝑀𝑁

𝑄
, 1 → 𝑃 → 𝐿 (B)

No imbalance 𝑁𝑃 =
∑

𝑁 𝑀𝑁

𝑂
, 1 → 𝑃 → 𝐿 (C)

𝑁 refers to the time predictions of the models. To obtain
the bandwidth predictions, we have to divide the total work∑

𝑁 𝑀𝑁 by the predicted time to obtain the bandwidth form of
the models. For Model C 𝑅𝑆𝑃 is thus simply 𝑂 . We will use
the bandwidth form in Section5. Multiplying the bandwidth
by the arithmetic intensity yields the prediction in FLOPS/s
like the standard Roo"ine model. However, in this paper we
will only focus on time and bandwidths.

Model A assumes full contention, i.e., it applies the band-
width 𝑂/𝐿 during the computation until the last task #nishes,
ignoring the fact that bandwidth increases when tasks com-
plete. Naturally, the model is pessimistic, i.e., it always over-
estimates the required running time unless all workloads are
of equal size.

In contrast, Model B assumes no contention. Thus, each
core operates with bandwidth 𝑄 , and running time is again
determined by the largest task 𝑇 running at that bandwidth.
Naturally, this model is optimistic. It always underestimates
the required running time unless the number of tasks 𝑃 for
which𝑀𝑁 > 0 is smaller than 𝑂/𝑄 , i.e., the total bandwidth
consumed by all active tasks is always lower than the sys-
tem’s total memory bandwidth.
Model C again assumes full contention, but ignores load

imbalance. It simply computes the total data tra!c of all
tasks and divides it by the system’s total memory bandwidth.
Like Model B, this model is optimistic, and like Model A, it
is accurate when all workloads are of equal size. The Two-
Phase model, which we will present in the next section,
overcomes the shortcomings of these simple models while
avoiding the complexity of the Staircase model [19].

While our model is predominantly aimed at memory band-
width in shared memory systems, it applies to any imbal-
anced situation in which the Max-Rate model [9] is applica-
ble, such as networks where the aggregate injection band-
width is higher than the bisection bandwidth, or network
interconnects with injection bandwidths that cannot be sat-
urated by a single core. In case of balanced transfers, our
model becomes e$ectively identical to the max-rate model.

However, due to the complex interactions between mem-
ory and network bandwidth, the assumption of evenly shar-
ing bandwidth no longer holds when memory and network
bandwidth are analyzed at the same time, as described in
previous literature [5, 6, 11].

caidaRouterLevel



Let’s test these Models

11

caidaRouterLevel

(   )
Triangular workload
Inspired by dense triangular matrix

Test code: 
Triangular matrix-vector multiply

#pragma omp parallel for
for (int i = 0; i < N; i++) {

double z = 0.0;
for (int j = 0; j < i; j++)

z += A[i*N+j]*x[j];
y[i] += z;

}
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Figure 2. Per-thread workloads for 9 sparse matrices distributed over 8 threads. For each matrix, the colored bars indicate the
amount of work assigned to each thread.

memory bandwidth per core, resulting in a situation similar
to the Max-Rate model [9]. However, in case of load imbal-
ance, some cores complete their work and no longer con-
sume memory bandwidth, which increases the bandwidth
available to the other cores and thus accelerates their com-
putation. Consider 𝐿 processors with individual workloads,
i.e., volumes of data tra!c, 𝑀1,𝑀2, . . . ,𝑀𝐿 . Each time one
processor completes its task, the available bandwidth for all
remaining processors may change. There are three straight-
forward ways of applying a memory bandwidth model to
analyze this situation.

Full contention 𝑁𝑀 = max
𝑁

𝑀𝑁

𝑂/𝐿 , 1 → 𝑃 → 𝐿 (A)

No contention 𝑁𝑂 = max
𝑁

𝑀𝑁

𝑄
, 1 → 𝑃 → 𝐿 (B)

No imbalance 𝑁𝑃 =
∑

𝑁 𝑀𝑁

𝑂
, 1 → 𝑃 → 𝐿 (C)

𝑁 refers to the time predictions of the models. To obtain
the bandwidth predictions, we have to divide the total work∑

𝑁 𝑀𝑁 by the predicted time to obtain the bandwidth form of
the models. For Model C 𝑅𝑆𝑃 is thus simply 𝑂 . We will use
the bandwidth form in Section5. Multiplying the bandwidth
by the arithmetic intensity yields the prediction in FLOPS/s
like the standard Roo"ine model. However, in this paper we
will only focus on time and bandwidths.

Model A assumes full contention, i.e., it applies the band-
width 𝑂/𝐿 during the computation until the last task #nishes,
ignoring the fact that bandwidth increases when tasks com-
plete. Naturally, the model is pessimistic, i.e., it always over-
estimates the required running time unless all workloads are
of equal size.

In contrast, Model B assumes no contention. Thus, each
core operates with bandwidth 𝑄 , and running time is again
determined by the largest task 𝑇 running at that bandwidth.
Naturally, this model is optimistic. It always underestimates
the required running time unless the number of tasks 𝑃 for
which𝑀𝑁 > 0 is smaller than 𝑂/𝑄 , i.e., the total bandwidth
consumed by all active tasks is always lower than the sys-
tem’s total memory bandwidth.
Model C again assumes full contention, but ignores load

imbalance. It simply computes the total data tra!c of all
tasks and divides it by the system’s total memory bandwidth.
Like Model B, this model is optimistic, and like Model A, it
is accurate when all workloads are of equal size. The Two-
Phase model, which we will present in the next section,
overcomes the shortcomings of these simple models while
avoiding the complexity of the Staircase model [19].

While our model is predominantly aimed at memory band-
width in shared memory systems, it applies to any imbal-
anced situation in which the Max-Rate model [9] is applica-
ble, such as networks where the aggregate injection band-
width is higher than the bisection bandwidth, or network
interconnects with injection bandwidths that cannot be sat-
urated by a single core. In case of balanced transfers, our
model becomes e$ectively identical to the max-rate model.

However, due to the complex interactions between mem-
ory and network bandwidth, the assumption of evenly shar-
ing bandwidth no longer holds when memory and network
bandwidth are analyzed at the same time, as described in
previous literature [5, 6, 11].

triangular matrix

We need imbalanced workloads



A second imbalanced Workload

12circuit5M

Simple imbalanced workload
related to Amdahl’s Law

M1 = (P+1)S, Mi>1 = S, for some value of S 
(same work with and without contention)

Test code: 
Imbalanced STREAM benchmark “imbaSTREAM”
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Figure 2. Per-thread workloads for 9 sparse matrices distributed over 8 threads. For each matrix, the colored bars indicate the
amount of work assigned to each thread.

memory bandwidth per core, resulting in a situation similar
to the Max-Rate model [9]. However, in case of load imbal-
ance, some cores complete their work and no longer con-
sume memory bandwidth, which increases the bandwidth
available to the other cores and thus accelerates their com-
putation. Consider 𝐿 processors with individual workloads,
i.e., volumes of data tra!c, 𝑀1,𝑀2, . . . ,𝑀𝐿 . Each time one
processor completes its task, the available bandwidth for all
remaining processors may change. There are three straight-
forward ways of applying a memory bandwidth model to
analyze this situation.

Full contention 𝑁𝑀 = max
𝑁

𝑀𝑁

𝑂/𝐿 , 1 → 𝑃 → 𝐿 (A)

No contention 𝑁𝑂 = max
𝑁

𝑀𝑁

𝑄
, 1 → 𝑃 → 𝐿 (B)

No imbalance 𝑁𝑃 =
∑

𝑁 𝑀𝑁

𝑂
, 1 → 𝑃 → 𝐿 (C)

𝑁 refers to the time predictions of the models. To obtain
the bandwidth predictions, we have to divide the total work∑

𝑁 𝑀𝑁 by the predicted time to obtain the bandwidth form of
the models. For Model C 𝑅𝑆𝑃 is thus simply 𝑂 . We will use
the bandwidth form in Section5. Multiplying the bandwidth
by the arithmetic intensity yields the prediction in FLOPS/s
like the standard Roo"ine model. However, in this paper we
will only focus on time and bandwidths.

Model A assumes full contention, i.e., it applies the band-
width 𝑂/𝐿 during the computation until the last task #nishes,
ignoring the fact that bandwidth increases when tasks com-
plete. Naturally, the model is pessimistic, i.e., it always over-
estimates the required running time unless all workloads are
of equal size.

In contrast, Model B assumes no contention. Thus, each
core operates with bandwidth 𝑄 , and running time is again
determined by the largest task 𝑇 running at that bandwidth.
Naturally, this model is optimistic. It always underestimates
the required running time unless the number of tasks 𝑃 for
which𝑀𝑁 > 0 is smaller than 𝑂/𝑄 , i.e., the total bandwidth
consumed by all active tasks is always lower than the sys-
tem’s total memory bandwidth.
Model C again assumes full contention, but ignores load

imbalance. It simply computes the total data tra!c of all
tasks and divides it by the system’s total memory bandwidth.
Like Model B, this model is optimistic, and like Model A, it
is accurate when all workloads are of equal size. The Two-
Phase model, which we will present in the next section,
overcomes the shortcomings of these simple models while
avoiding the complexity of the Staircase model [19].

While our model is predominantly aimed at memory band-
width in shared memory systems, it applies to any imbal-
anced situation in which the Max-Rate model [9] is applica-
ble, such as networks where the aggregate injection band-
width is higher than the bisection bandwidth, or network
interconnects with injection bandwidths that cannot be sat-
urated by a single core. In case of balanced transfers, our
model becomes e$ectively identical to the max-rate model.

However, due to the complex interactions between mem-
ory and network bandwidth, the assumption of evenly shar-
ing bandwidth no longer holds when memory and network
bandwidth are analyzed at the same time, as described in
previous literature [5, 6, 11].



Triangular Results on various CPUs
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Mostly OK Terrible Mostly OK

Measured Full Contention No Contention No Imbalance Phase 1
CPU [GB/s] [GB/s] Error [GB/s] Error [GB/s] Error Time
AMD Epyc 7302P (Rome) 60.24 46.92 -22% 188.53 213% 90.91 51% 91.30%
AMD Epyc 7413 (Milan) 88.21 52.38 -41% 390.03 342% 102.58 16% 96.70%
AMD Epyc7601 (Naples) 66.9 43.39 -35% 295.02 341% 85.42 28% 96.40%
AMD Epyc7763 (Milan) 127.07 61.09 -52% 997.44 685% 121.23 -5% 99.40%

Intel Xeon Gold 6130 44.1 38.58 -13% 110.82 151% 74.74 69% 81.50%
Intel Xeon Platinum 8168 63.98 35.21 -45% 144.68 126% 68.96 8% 90.60%
Intel Xeon Platinum 
8360Y 89.67 80.22 -11% 272.01 203% 158.21 76% 85.70%

Cavium Thunder X2 74.09 60.21 -19% 252.12 240% 118.54 60% 90.40%
HiSilicon Kunpeng 920 92.46 66.29 -28% 398.32 331% 131.54 42% 95.00%
NVIDIA Grace GH200 273.57 159.34 -42% 984.78 260% 316.45 16% 95.30%

Results use the bandwidth 
versions of the models



Amdahl Results on various CPUs

14

Terrible Quite good Terrible

Measured Full Contention No Contention No Imbalance
CPU [GB/s] [GB/s] Error [GB/s] Error [GB/s] Error

AMD Epyc 7302P (Rome) 33.07 10.69 -67.66% 42.97 +29.94% 90.91 +174.89% 
AMD Epyc 7413 (Milan) 43.52 8.21 -81.15% 61.10 +40.40% 102.58 +135.69% 
AMD Epyc7601 (Naples) 22.46 5.18 -76.95% 35.20 +56.72% 85.42 +280.30% 
AMD Epyc7763 (Milan) 47.34 3.73 -92.12% 60.90 +28.65% 121.23 +156.09% 

Intel Xeon Gold 6130 22.07 8.79 -60.16% 25.26 +14.46% 74.74 +238.64% 
Intel Xeon Platinum 8168 20.75 5.52 -73.41% 22.67 +9.25% 68.96 +232.36% 
Intel Xeon Platinum 8360Y 28.14 8.55 -69.61% 29.00 +3.03% 158.21 +462.14% 

Cavium Thunder X2 26.90 7.18 -73.29% 30.08 +11.84% 118.54 +340.71% 
HiSilicon Kunpeng 920 22.21 4.05 -81.78% 24.32 +9.50% 131.54 +492.29% 
NVIDIA Grace GH200 51.84 8.67 -83.28% 53.58 +3.36% 316.45 +510.42% 

Results use the bandwidth 
versions of the models



Why are the Models so Inaccurate?
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Figure 3. Throughput (in GB/s) measured by the standard STREAM Triad benchmark for di!erent core counts on various
multicore CPUs. The horizontal dashed line indicates the aggregate throughput (𝐿) when all cores are in use. The slope of the
diagonal, dashed line is equal to the single-core bandwidth (𝑀).

same distribution of threads in the experiments in the next
sections.

Thus, only a few threads are needed to saturate the band-
width of the Epyc processor, and the transition between
increasing bandwidth and saturation is very sharp. How-
ever, the fact that STREAM bandwidth can actually decrease
when increasing the number of cores makes it challenging
to model the performance of these CPUs. Accuracy could be
increased by "tting the horizontal 𝐿 line through the point
cloud, but this would complicate the interpretation of the
model.
In contrast, the Intel Xeon Platinum 8360Y and NVIDIA

GH200 CPUs show a much more straightforward picture.
Here, additional threads are assigned to consecutive cores,
and additional cores do not decrease performance, with the
exception of the GH200 above 36 cores, where performance

regresses slightly. The transition between increasing band-
width and saturation is much smoother than on the AMDs,
at least in case of the Xeon. In contrast, the behavior of the
GH200 is much closer to the assumptions of the model.
Note that one crucial di!erence between the Two-Phase

and the Staircase model [19] is that the latter makes use of
all the data presented in Figure 3, and thus it does model the
smoother curve of the Xeon Platinum 8360Y accurately. On
the other hand, this means it requires far more parameters
and it still does not model the chiplet structure of the AMD
Epyc.

4 Analyzing Uneven Workloads
We use memory-bound computations that have imbalanced
workloads in order to test our model and compare it with
the simple models discussed in Section 2. Our goal is to "nd
representative workload distributions among all the possible

ρ

ββ

ρ
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Processor id
(ordered by 
workload size)

t8 = M8 / BW8 

BW8 = ρ/8
BW7

BW6
BW5

BW4
BW3

BW2

t7 = t8 + (M7 – M8) / BW7

t1 = t2 + (M1 – M2) / BW1

…

Computes time prediction 
based on individual processor 
count bandwidth values BWi

Thune et al., Detailed Modeling of Heterogeneous and 
Contention-Constrained Point-to-Point
MPI Communication, 2023



BW1 = β

Performance per Core over Time
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Figure 3. Throughput (in GB/s) measured by the standard STREAM Triad benchmark for di!erent core counts on various
multicore CPUs. The horizontal dashed line indicates the aggregate throughput (𝐿) when all cores are in use. The slope of the
diagonal, dashed line is equal to the single-core bandwidth (𝑀).

same distribution of threads in the experiments in the next
sections.

Thus, only a few threads are needed to saturate the band-
width of the Epyc processor, and the transition between
increasing bandwidth and saturation is very sharp. How-
ever, the fact that STREAM bandwidth can actually decrease
when increasing the number of cores makes it challenging
to model the performance of these CPUs. Accuracy could be
increased by "tting the horizontal 𝐿 line through the point
cloud, but this would complicate the interpretation of the
model.
In contrast, the Intel Xeon Platinum 8360Y and NVIDIA

GH200 CPUs show a much more straightforward picture.
Here, additional threads are assigned to consecutive cores,
and additional cores do not decrease performance, with the
exception of the GH200 above 36 cores, where performance

regresses slightly. The transition between increasing band-
width and saturation is much smoother than on the AMDs,
at least in case of the Xeon. In contrast, the behavior of the
GH200 is much closer to the assumptions of the model.
Note that one crucial di!erence between the Two-Phase

and the Staircase model [19] is that the latter makes use of
all the data presented in Figure 3, and thus it does model the
smoother curve of the Xeon Platinum 8360Y accurately. On
the other hand, this means it requires far more parameters
and it still does not model the chiplet structure of the AMD
Epyc.

4 Analyzing Uneven Workloads
We use memory-bound computations that have imbalanced
workloads in order to test our model and compare it with
the simple models discussed in Section 2. Our goal is to "nd
representative workload distributions among all the possible

Problems with the Staircase Model

● BWi is not a unique value, can depend on exact cores
● Model is very complex, not insightful
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How can we do better? Aggregate Performance!
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Phase 1
Aggregate performance
is always ρ
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β

Phase transition when only
K = ⎡ρ/β⎤ active processors left

Phase 2
Aggregate performance
is always βA
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T1 = (∑K < i ≤ P Mi + K MK ) / ρ
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Phase 2
T2 = (M1 – MK) / β

No matter how many processors are active: 
• Phase 1 performance will be ρ
• Processor 1 performance will be β in Phase 2
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Figure 1. Total performance and performance per core under
contention, measured by the STREAM Triad benchmark run
with di!erent thread counts on a 24-core Intel Xeon Platinum
8168 (Skylake) CPU. The total performance increases linearly
at "rst, but then quickly saturates and reaches an upper limit,
meaning that per-core performance decreases as more cores
are used.

Such workloads distributions are common are in irregular
computations. As an example, Figure 2 shows the per-thread
workloads for 9 sparse matrices from SuiteSparse [4] when
using 8 threads. For each matrix, the colored bars indicate
the amount of work assigned to each thread as a result of a
1D row-wise partitioning the matrix, such that each thread
has an equal number of rows. Matrices were selected for
high imbalance, except for nlpkkt240 which is shown for
comparison. Note that a larger number of threads would
result in even larger imbalance.

This situation can be analyzed in detail using the Staircase
model [19]. However, the Staircase model is fairly compli-
cated and requires numerous inputs parameters. In this paper
we present a simpli"ed model which nonetheless allows an
accurate analysis using a small number of parameters. Fur-
thermore, by simplifying the analysis, we gain more insight
in the behaviour of multicore memory systems.
The model works by splitting the computation in two

phases, based on the two bandwidth limits. In the "rst phase,
the performance is limited by the overall memory bandwidth.
Since workloads are imbalanced, some cores will complete
their tasks, increasing the bandwidth for every other core
that is still working. At some point, the memory bandwidth
per core becomes the limiting factor, and the computation
enters the second phase where each core is bound by this
bandwidth.

By splitting the analysis into two phases, we can accurately
predict the total running time. The number of active cores
where the system switches between being bound by the

overall bandwidth to being bound by bandwidth per core
becomes a critical point in this analysis.
In the next section, we discuss prior work and illustrate

the shortcomings of simpler models, and we present our
formal performance model in Section 3. Sections 4 and 5
contain model veri"cation experiments on benchmarks of
imbalanced workloads. The "rst is derived from triangu-
lar matrix multiplication and the second is an imbalanced
version of the STREAM benchmark. These workloads distri-
butions are inspired from real-world matrices as shown in
Figure 2. Finally, Section 6 discusses the wider implications
of our model.

2 Background and Related Work
With its inception in 2009, the Roo#ine model [22], along
with the STREAM benchmark [18], has raised widespread
awareness of the distinction between memory and compute-
bound problems as well as the need to analyze the di!erent
workloads accordingly. One consequence is the introduc-
tion of the High Performance Conjugate Gradient (HPCG)
benchmark [7]. Unlike the popular High Performance Lin-
pack (HPL) benchmark used in the Top500 list [8], HPCG is
largely based on sparse matrix-vector multiplications which
are memory bandwidth-bound.
In addition to the original Roo#ine model, other papers

have studied applications [13] and numerous extensions to
cache [10, 12, 15, 16], energy [3], latency [14], and network
bandwidth in distributed memory systems [1, 2].

Even without modi"cation, the Roo#ine model can be ap-
plied to multicore computations. When all cores are active
and performmemory-bound computations, performance can
be modeled using the model with an overall memory band-
width measured by STREAM. However, the Roo#ine model
does not consider imbalance between the cores. For compute-
bound problems this is not a limitation, as the e!ect of load
imbalance is straightforward. Total running time is deter-
mined by the core with the longest running time. Memory
bandwidth on the other hand behaves di!erently because
modern CPUs have at least two di!erent bandwidth values,
the overall memory bandwidth, which in the following we
will call 𝐿 and the memory bandwidth per core, which we
will call 𝑀 . We say that bandwidth 𝐿 applies when there is
contention between the threads for the available bandwidth.
In this situation, we generally assume that the available band-
width is divided evenly among the active processors. We also
assume that work stealing or some other dynamic load bal-
ancing is not feasible or e$cient, which is often the case in
NUMA systems.
Let 𝑁 denote the number of processors in the system,

where processor is used in the parallel computing theory
sense. For multicore CPUs, normally each CPU core is a
processor. Typically, 𝑀 < 𝐿 < 𝑁𝑀 , i.e., the overall memory
bandwidth divided by the number of cores is lower than the

T = (∑K < i ≤ P Mi + K MK ) / ρ + (M1 – MK) / β

Real processors come 
close to the model, but 
phase transition is softer
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Testing the Model: CPU Data

Intel / ARM
Medium to high K value

27

AMD: low K value

CPU P β ρ K

AMD Epyc 7302P (Rome) 16 22.83 90.91 5
AMD Epyc 7413 (Milan) 24 31.83 102.58 4
AMD Epyc 7601 (Naples) 32 18.15 85.42 5
AMD Epyc 7763 (Milan) 64 30.93 121.23 4

Intel Xeon Gold 6130 16 13.42 74.74 6
Intel Xeon Platinum 8168 24 11.81 68.96 6
Intel Xeon Platinum 8360Y 36 14.9 158.21 11

Cavium ThunderX2 32 15.51 118.54 8
HiSilicon Kunpeng 920 64 12.35 131.54 11
NVIDIA Grace GH200 72 27.16 316.45 12



Does it work for Triangular Workloads? 

2-Phase is less accurate than Staircase, but much better than simple models 
28

Measured Staircase Model 2-Phase Model
CPU [GB/s] [GB/s] Error [GB/s] Error
AMD Epyc 7302P (Rome) 60.24 57.26 -5% 83.16 41%
AMD Epyc 7413 (Milan) 88.21 91.06 3% 100.25 14%
AMD Epyc7601 (Naples) 66.9 72.1 8% 83.02 24%
AMD Epyc7763 (Milan) 127.07 117.41 -8% 120.71 -5%

Intel Xeon Gold 6130 44.1 50.55 15% 63.42 44%
Intel Xeon Platinum 8168 63.98 59.97 -6% 63.61 -1%
Intel Xeon Platinum 8360Y 89.67 129.36 44% 137.77 54%

Cavium Thunder X2 74.09 96.28 30% 108.67 47%
HiSilicon Kunpeng 920 92.46 102.17 10% 125.62 36%
NVIDIA Grace GH200 273.57 309.8 13% 302.77 11%



Where does the Difference come from?

CPUs with STREAM results closer the the intersection point 
can be predicted more accurately. 29
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Figure 3. Throughput (in GB/s) measured by the standard STREAM Triad benchmark for di!erent core counts on various
multicore CPUs. The horizontal dashed line indicates the aggregate throughput (𝐿) when all cores are in use. The slope of the
diagonal, dashed line is equal to the single-core bandwidth (𝑀).

same distribution of threads in the experiments in the next
sections.

Thus, only a few threads are needed to saturate the band-
width of the Epyc processor, and the transition between
increasing bandwidth and saturation is very sharp. How-
ever, the fact that STREAM bandwidth can actually decrease
when increasing the number of cores makes it challenging
to model the performance of these CPUs. Accuracy could be
increased by "tting the horizontal 𝐿 line through the point
cloud, but this would complicate the interpretation of the
model.
In contrast, the Intel Xeon Platinum 8360Y and NVIDIA

GH200 CPUs show a much more straightforward picture.
Here, additional threads are assigned to consecutive cores,
and additional cores do not decrease performance, with the
exception of the GH200 above 36 cores, where performance

regresses slightly. The transition between increasing band-
width and saturation is much smoother than on the AMDs,
at least in case of the Xeon. In contrast, the behavior of the
GH200 is much closer to the assumptions of the model.
Note that one crucial di!erence between the Two-Phase

and the Staircase model [19] is that the latter makes use of
all the data presented in Figure 3, and thus it does model the
smoother curve of the Xeon Platinum 8360Y accurately. On
the other hand, this means it requires far more parameters
and it still does not model the chiplet structure of the AMD
Epyc.

4 Analyzing Uneven Workloads
We use memory-bound computations that have imbalanced
workloads in order to test our model and compare it with
the simple models discussed in Section 2. Our goal is to "nd
representative workload distributions among all the possible

ρ

ββ

ρ



Does it work for Amdahl Workloads?

● Accurate on all CPUs except Naples
● Identical to Staircase model here 30

Measured 2-Phase Model
CPU [GB/s] [GB/s] Error
AMD Epyc 7302P (Rome) 33.07 36.49 +10.35% 
AMD Epyc 7413 (Milan) 43.52 48.58 +11.62% 
AMD Epyc 7601 (Naples) 22.46 29.94 +33.29% 
AMD Epyc 7763 (Milan) 47.34 49.28 +4.11% 

Intel Xeon Gold 6130 22.07 22.75 +3.10% 
Intel Xeon Platinum 8168 20.75 20.16 -2.84% 

Intel Xeon Platinum 8360Y 28.14 27.24 -3.22% 

Cavium ThunderX2 26.90 27.43 +1.99% 
HiSilicon Kunpeng 920 22.21 22.58 +1.67% 
NVIDIA Grace GH200 51.84 50.03 -3.49% 

Low K value means 
AMDs perform well here



Summary

31

● Load imbalance causes problems for performance models
● Sample imbalanced workloads are easy to assign
● New model built on Roofline and Max-rate models
● Easy to apply. Uses only P, β, ρ



Summary
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● Load imbalance causes problems for performance models
● Sample imbalanced workloads are easy to assign
● New model built on Roofline and Max-rate models
● Easy to apply. Uses only P, β, ρ
● Model is fairly accurate, except for processor-specific behaviour
● Can be used for internode communication (multiple cores, one NIC)
● Main insight: Phase 1 depends on the total, Phase 2 only on M1

● K and MK determine phase transition, crucial for performance

Questions?


